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7. Shppage tests for the method of m rankings

In the well known method of m rankings due to M. Friepman (1937)
(ef. M. G. KeNDALL (1955), chapters 6 and 7) m “observers” are con-
sidered. Each observer ranks k “objects”’. The method of m rankings
enables us to investigate whether the observers agree In their opinion
about the objects. For that reason one tests the hypothesis H,, which states
that the rankings are chosen at random from the collection of all permu-
tations of the numbers 1, ..., k and that they are independent.

Here we present tests which are powerful especially against the alter-
native that one of the objects has larger probability than the other ones
of being ranked high (or low), whilst the other (k—1) objects are ranked
in a random order. We denote the sums of the m ranks of each object by

(7.1) I (m =s; = km).
Obviously we have
k
(7.2) > s, = dmk(k+1).
i=1

In section 8 the following theorem will be proved.

I'heorem 7.1. For each pair s, $; of the variates (7.1) and for every
parr of inlegers s;, s; the following wnequality holds wunder H,

(7.3) P[S g&b &nd Sf §8:,] éP[S,Z éS,J . P[s és?].

So we can apply our approximation method of section 2 for obtaining
slippage tests for Sy, ---» Sz Because the marginal distributions of
the s; are all equal under H,, the test statistic for the test against slippage
to the right is max s; and for testing against slippage to the left min s,.
The critical values are determined by the smallest integer S, satisfying

(7.4) Pls; =8,] =ua/k
é,nd the largest integer s, satisfying

(7.5) Pls, <s,] <ok,
respectively.

') Parts I and II in Indagationes Mathematicae, 20, 38-55 (1958) and Proc,.
Kon. Ned. Ak. van Wetensch., 61, Series A, 38-55 (1958).
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The distribution of s; is easily seen to be symmetric with respect to
the mean value im(k-+-1), so we have

(7.6) S, = m(k-+1)—41,.

In section 8 1t will be shown that the distribution of s;, under H,, reads

B R R L[ (rer [

( (v =1,...,0k; m =n < km) ?)

|

where I, is defined by
\ I, =01t y <O,

(78 VI —1ify=0

The tables of critical values s,, presented in section 11, are based on
this formula.

8. Proofs of the results of section T

First we shall prove theorem 7.1. We suppose that both s; and s; are

lying between m and km, because otherwise (7.3) obviously holds with
the equality sign. For m=1 we have

Pls;<s; and 5; <s;|m=1] = W’

(8.1) P[s-38-|mml] = 3,

( Ps; Ssalmm 1] = k’

so 1In that case (7.3) 18 true. Now let us suppose that (7.3) is true for
m observers, then we have

P[siési and 5§8]m+1] ==

H

z Pls; =s;—a and s; = s;—b|m] - P[the 1+-th object has rank
a and the 7-th object rank b
In the (m 4 1)-st ranking] =

1
— aé) P[s éSimd and S; ésgm"blm] ) “];(]cml) =
(8.2) I
< ang[s =s;—a|m]-Pls; < s;—b|m] - o(k—1)
— 2 P[s = S; -—CLI’)?’L] 2 P[S:, S; --—--—bl‘?n] % T
a=1 b===1
4 k z P[S S, ma,,m] z P[S?* éc?"""blm] T
) a=1 b=1

i m— VPP eyt

‘) We owe this formula to Mr. A. BENARD, Statistical Department of the
Mathematical Centre.
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| ]

J
- k(E—1) 2 Pls; <s;—a|m]-Pls; <s;,—alm] =

a==]

= P[s; =s8;|m-+1]-Pls, = §5lm+1] +

K
1 k z Pls; = s m--w-bl?'n]
2 o e _ -
S Pls; < s;—b|m]
5 =8 —01Mm||

= Pls;=s|m+1]-Pls; < slm+1].
So theorem 7.1 is proved by induction.
Formula 7.7 can be proved in the following way:

- B B _ .. .- - e

kmP[s;=n|m]=the number of partitions of n into m positive integers,
no one being larger than %4 (different permutations of the
same integers are counted as different partitions).

Thus
k™ P [S,,; == nlm] — coefficient of z* in (z + 224 ...+ :zk)“m — coefficient of z#m

: 1 — zk\m . .
1mn ( ) — coefficient of z»—™ in

l-—=2
O
2 (m) (—1)=2" § (m—l-r”l) 2" =
x=0 X 7 =0 r

_ E 7 (m) (n e — 1 (—1)

L

which proves (7.7).

9. A dwstribution free k-sample slippage test
We consider the independent variates

(9'1) ul,...,uk,

which have, under H, the same continuous distribution function. From
the +** population we have {; independent observations u; (j =1, ..., t,).
We want to test H, against the alternatives

(9.2)  Hy, . L.
u;, (1=1,...,v—1,2+1,...,k) follow the same distribution,

J

for one unknown value of 7 and

Plu; > u;] <4 (7 #1),
u (1=1,...,1—1,2+1,...,k) follow the same distribution.

(9.3) H{
/

Now the following test procedure is proposed. If all observations
u; (t=1, ..., k; 9=1, ..., t;) are ranked, we denote by T, the sum of the
ranks of the observations u;; (=1, ..., ). As T, is a linear function of

WILcOxXON’s test statistic applied to the ** sample and the other £—1



H, is known (cf. H. B.

i -3
T

| f:}f \’rﬂs‘lllﬁg Tlg O Tfﬂ

. against H,,. H, is rejected when min ¢; = «/k.
followed for slippage to the left. In the next

L
squality
3 I / 3 mﬁi
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(9.5) PiIT T, and T, 21| &

5 i - . o ‘ ’ "
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Known aisc
Let now i@:w every

game distribution.

i 1,e4+1,..., k), follow the

= P[T, =T\ H,l.

his probabi hw still ﬂmmmm on ty, ..., &.
In Hw same way as in sections 3 and 5 we

consider the decision

procedure o
Decide that H, is true it

P[T,|H,] =3 and P[T\|H,] 2

We prove in the next section

Theorem 9.1. If H, , is true, the probability of a correct decision with
he procedure & tends to 1 if t, -> oo, ..., I, — oo such that

>0 (a=1,..., k).

Another test for the k-sample shppage problem was proposed by
F. MosSTELLER (1948) (cf. Mm F. MOWELLER and J. W. Togry (1950))
who uses as test statistic the number of observations of the sample with
the largest observation whwh m%%d all obarvmmns of all other samples.
A comparison of the power of both tests with respect to some alternatives

of practical interest seems desirable.

take in (9.5) t=1, j=2. We also take k=38. This

5 We

E or de;; hmt@» Ness

section were found by Mr. H. KrsTEN, then working in
Mathematical Centre.

g A r B - L3

'he proofs in this se
» % o A

atistical Department of the
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18 no restriction on the generality as pooling of the 3rd, 4th, ... and %th
sample does not affect
P[T4|H,], P[Ty|H,) or P[T,,Ty|H,) ¥ P[T, =T, and T, = T,|H,].

Put now

(10.1) b=, + by + £,

and define

def

Pnh'nz-m[Ti HP[T‘EIHO] if tlm?’bl,tz“‘m-—“?’lrg,t3$%3.

Y O V1 11EZ P [T; =T, and the largest element belongs to sample

P, . .[T;|11= the conditional probability of T; = 7, under H,, given

that the largest element belongs to sample number 1
it b =mny, ty=mny, tg=mn,.

In the same way we define

Pnl.ng,na [T'iv T?] > Pnl.m.na [Tin T:b 1] a,nd Pm,m.na [T,,;, T?, 1]
for the events {T, =T, and T, 2 T,}.

(2

We shall prove (9.5) by induction with respect to n, +n,+n,. So we
have to prove

(10'2) Pm.'na.na [TI:TZ] = Pnl,n,.m[Tl] 'Pm.m,na[Tﬂ'
Clearly (10.2) holds for M +Ne+Ny=2 (we take T;=0 with probability
1 when ?;=0). Now suppose (10.2) holds if M +ny+ng=t—1. We have
2. ¢ .
(10.3) Ph.t,.t,[Tla Ty] = El-f Ptl.tz.t,[Tla Tzl'l']-
For the first term of the sum in the right hand member we get
Pt;.tg.ta[TlﬁT2’l] = Ptlml,tg.ta[Tlmt#Tﬂ =
(10.4) (according to our assumption)
=Ly 1 [T —1] Py _14,.4[Ts] = Py o[Tq[1]- P io[Te|1].

In the same way, it can be derived that

(10.5) P otoT1,Te|2] = Py, [T4]2]- Py, . [T,]2].
Further

(10.6) PratT1Te|8] = Py g [T, T5] < P, 4y o[ T4 Py o i[T)] =
. == Pt]_.ta-tal:Tll 3] ’ Ptl.tz-ta[Tzl3] *

S0, combining (10.3), (10.4), (10.5) and (10.6) we find, dropping the
subscripts

(10.7)  PITyT,) < 3 % P[Ty|i]-P[T,[i] = 3 P[T,[i]. P[T}.q).



143
We have
(10.8) P|T4|2] = P[T43] = P[T4]2 or 3]

and similarly with 1 and 2 interchanged, and

&

gP[ T,|-P[T,] {%P[Tl] 1] + tgthP[Tllz or 3]} :

(10.9) |
/ AP|T,, 1]+ P[T,,2 or 3]}.

From (10.7), (10.8) and (10.9) we see that 1t 1s sufficient to prove

v

\ 3 P(Ty]i]- P[T.i] = P[Ty[1] - P[Ty, 1] + PT4|2]- P[Ty,2 or 3] =
(1010) ci=1

( <[4 P[Ty[1] + 22 P[T,

{

2 or 3]} {P[T,,11+P[T,,2 or 3]}
or its equivalent

(10.11)  {P[Ty|1] — P[Ty|2]} [ 232 P[T,,1]— 2 P[T},,2 or 3]} = 0.

s
But the inequality

(10.12) P[T,|1] =z P[T,]2]

holds as can be seen in the following way. (10.12) is equivalent to

(10.13) t, P[T,,2] <t,P[T,,1].

Consider now a ranking which gives 7', and 2 (i.e. the largest element
belongs to the 2nd sample and T, =7',) and interchange the last element
with every element of the first sample. This gives {;, different rankings
with 7', and 1. In this way we get each ranking with 7, and 1 at most
t, times, because In a ranking with 7, and 1 the last element can be
interchanged with at most I, different elements of the second sample.

This proves (10.13) and thus (10.12). Interchanging 1 and 2 in (10.12)
we find

(10.14) P[T,|2] = P[T,|1].

(10.11) and thus (10.2) 1s an immediate consequence of (10.12) and (10.14).
This completes the proof of (9.5).

We now turn to the proof of theorem 9.1. Let H, , be true. If {; — oo
(¢e==1, ..., k) such that

k
L t 2 bt
lim inf —*— > 0 and lim inf “Ze—— > 0,
2 ti 2.4
R |

we know that Wilcoxon’s test comparing sample 1 with the other samples
pooled 1s consistent. This means

(10.15) lim P[P[T,] £7|H,,] = for every n(0s=n=<1)

tlz--a»oc



444

or the exceedance probability found in the first sample converges to O
in probability (e¢f. D. vaN DanTzic (1951)).

In a similar way as in D. van DANTZIG (1951) we find, if

PEP[%:} w;| Hyq] > 4

(10.16) B(T;| Hy) = $t(3t—4;)+34(4;+1)

and

(10.17)  B(T;| H,y ) = “%tj(ztimti“tl)‘l‘(l“?))tit1+%t:f(t:i+l) < B(T;| H,).

Further

(10.18) o¥(T;| Hy ) < 30%T;| H,)-

From (10.15) we have

(10.19)  lim P[P[T)] = PT]|H,,] < lim P[P[T}] = y|H, ]

{.—> 00
/)

for every n(0=n=1).
.. ol e ¢ i E(T;|H,) . | :
As the limit distribution under H, of s AT AR normal with
mean O and unit variance (10.19) leads to S

) _ Y T; - E(T;|H,) .
Um PP[T]] = y|H,,] - lim P I omgse = &\ Hy | =
(10.20)

' T, -E(T;|H,, ) 2 1
= lim P HW = V'?’En"Hll:' = émg_

{.~5 00
y )

o, i £

where &, is defined by

(10.20) 18 valid for every n(0<yn=1) and as £, —> 0o (n—> 0) (10.19)
combined with (10.20) gives

(10.21) lim P[PIT;] < P[T,]|H,,] = O.

{.~00
7

If H,, is true the probability of correct decision is

P[P[T,] <7 and P[T,]< P[T;] for j#1|H,,]1=
(10.22) . .
= PP[T] =+ |Hy ;] - 2 PIP[T;] = P[Ty]|Hy,).

(10.15) and (10.21) show that the probability of a correct decision
converges to 1, which proves theorem 9.1.

11. Tables of critical values for the Poisson distribution and for the
method of m rankings

Table 11.1 gives critical values for the test for Poisson variates against
slippage to the right if H, is: p,=p,=...=p,. The critical values for
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max z;, as test statistic are given for the values 0.05 (the upper
numbers) and 0.01 (the lower numbers) of «. Owing to the discontinuous
character of the binomial distribution the true level of significance will
generally be less, and very often considerably less, than . Therefore
approximated true levels of significance (i.e. &' c¢f. (2.17)) are shown also.
The exact values satisfy inequality (2.13). The table was constructed
with the help of a table of the binomial distribution. This can also be
done for critical values for the test against slippage to the left.
Table 11.2 gives critical values for specified x for the method of m
rankings, when testing against slippage to the lett with min s; as test
statistic. If this critical value is equal to 1, the critical value r at the
same level of significance for the test against slippage to the right 1s given

by r=m(k+1)—1. As in table 11.1 the approximated true levels of
significance («') are also given.
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TABLE 11.2

Critical values s, of the test statistic min s, for the slippage test to the left for the method of
m rankings. Level of significance x, number of rankings m, number of ranked objects k. The
approximated true levels of significance are written behind the corresponding critical values

e N [ l

| | 1 ! , ?
0.05 — - - — | —  — | 60.031 : 7 0.016 | 8 0.008 10 0.039
2 | 0.025 — = e e e —  — | 7 0.016 8 0.008 'i 9 0.004
0.0l  — — = = 8 0.008 9 0.004

l ¢ ; '

l ! i : .
0.05  —- — | 40037 50012 7002 90049 10 0.021 | 12 0.032
3 0025 — — — — 50012 60004 80011 10 0.021 11 0.008
001 |- — '— — | — — | 60004 7000l 90004 11 0.008

i !
0.05 ~— — 40016 60023 80027 10 0.020 12 0.030 14 0.029
4 0025 | — — 40016 60023 70007 9 0.009 11 0.010 13 0.011
001  — — — — 50004 70007 9 0.009 10 0.003 12 0.003

E f = f
0.05 3 .0.040 | 5 0.040 | 7 0.034 | 9 0.027 | 11 0.021 14 0.038 16 0.028
51 0025 | — — 40008 60010 80009 11 0.021 13 0.016 15 0.013
0.01  — — 4 0.008 6 0.010 | 8 0.009 | 10 0.008 12 0.006 = 14 0.005
0.05 | 3 0.028 5 0.023 8 0.043 10 0.027 j 13 0.037 = 16 0.045 18 0.028
6 | 0.0256 — — 50023 70016 | 9 0.011 | 12 0.017 | 15 0.023 17 0.014
0.01 | — — 40005 60005 80004 11 0.007 13 0.005 | 16 0.007
0.05 30020 6 0.044 8 0.023 | 11 0.027 | 14 0.0290 17 0.029 21 0.048
71 0.025 | 30.020 5 0014 8 0.023 10 0.012 13 0.015 16 0.016 | 19 0.016
0.01 | — — = 40003 70009 90005 12 0.007 15 0.008 18 0.008

; | | | F |

- s ' ! I
0.05 ' 3 0.016 6 0.029 9 0.031 J 12 0.028 ' 16 0.043 ' 19 0.035 23 0.046
8 1 0.025 30016 5 0.010 | 8 0.014 | 11 0.014 | 15 0.025 18 0.021 , 21 0.017
0.00  — — 5 0.010 7 0.005 10 0.006 * 13 0.007 ' 16 0.006 | 20 0.010

.: 1 | §
0.05 40049 7 0.048 | 10 0.038 | 13 0.029 ' 17 0.036 21 0.042 25 0.045
9 0.025 1 3 0.012 60021 | 9 0019 12 0.016 16 0.022 19 0.016 23 0.019
0.01 | — — | 50.007| 8 0.009! 11 0.008 | 14 0.006 18 0.009 ' 21 0.007

,; ? 1
0.05 4 0.040 7 0.035 | 11 0.046 14 0.030 | 18 0.032 23 0.048 27 0.045
101 0.025 1 30010 6 0.015 9 0.013 13 0.017 17 0.019 | 21 0.020 , 25 0.020
0.01 3 0.010 | 5 0.005| 8 0.006 | 12 0.009 | 15 0.006 | 19 0.008 | 23 0.008




